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Abstract
We present an elementary exposition of the descent method used
by Komoto, Watanabe and Wada to show N = 42553 is a congruent
number. We generalize to N = 7p with p prime, and try to present
the method such that an amateur could understand and perform their
own calculations.
1
1 Introduction
Whilst surfing the Internet, I came across [1]. The number N = 42553 =
7 ∗ 6079 comes from the paper by Nemenzo[2], where it is stated to be the
smallest unproven congruent/non-congruent number (at that time). Komato,
Watanabe and Wada prove it is congruent by explicitly computing a point on
the related elliptic curve. I was fascinated by the simplicity of the method,
but some details were not given. I now describe the method, for N = 7 ∗
prime, in full detail.
The elliptic curve is
Y 2 = X3 −N2X
and with X = du2/v2, Y = duw/v3 where d, u, v, w,∈ Z, we have
d2w2 = d3u4 −N2dv4
with d squarefree and d|N , gcd(u, v) = 1, gcd(w, v) = 1.
Suppose N = 7p where p is prime. Pick d = −p so
w2 = −p(u4 − 49v4) (1.1)
and, since p|w we can set w = pz, giving
pz2 = (49v4 − u4) = (7v2 + u2)(7v2 − u2) (1.2)
Assume u, v both odd so 7v2 + u2 is a multiple of 8. Thus set
7v2 + u2 = 8b2 7v2 − u2 = 2pa2
giving z = ab, and
7v2 = 4b2 + pa2 u2 = 4b2 − pa2
The latter identity can be written
pa2 = 4b2 − u2 = (2b+ u)(2b− u)
so set
2b+ u = pc2 2b− u = d2
and a = c d.
2
Thus,
4b = pc2 + d2 2u = pc2 − d2
From 7v2 = 4b2 + pa2, we get the identity,
p2c4 + 6pc2d2 + d4 = 28v2 (1.3)
which is what the method attempts to solve. Let e = c2, f = d2 so we have
the quadratic
p2e2 + 6pef + f 2 = 28v2
which we can write
(e, f, v)

 p
2 3p 0
3p 1 0
0 0 −28



 ef
v

 = 0 (1.4)
Let (1, f0, v0) be a solution. e = 1 makes things a lot easier later on, though
we cannot always find such a solution. If we can, f0 must be odd.
Define 
 ef
v

 =

 1 0 0f0 1 0
v0 0 1



 gh
i

 (1.5)
so
2f0gh+ 2g(3hp− 28iv0) + h
2 − 28i2 = 0
Thus h must be even and we set h = 2j. This gives the equation
(g, j, i)

 0 (f0 + 3p)/2 −7v0(f0 + 3p)/2 1 0
−7v0 0 −7



 gj
i

 = 0 (1.6)
What we do next is to transform the matrix so that the (1, 3) element becomes
zero and a non-zero element is in the (2, 3) place.
Let A = (f0 + 3p)/2 and B = −7v0, and assume gcd(A,B) = 1. Then there
exists integers α, β such that αA+ β B = 1. Then, set

 gj
i

 =

 1 0 00 α −B
0 β A



 gk
l

 (1.7)
3
This gives
(g, k, l)

 0 1 01 α2 − 7β2 −αB − 7βA
0 −αB − 7βA −14p2



 gk
l

 = 0 (1.8)
and we can simplify by setting k = 2m, l = 2n to have
m(g + (α2 − 7β2)m+ 7(2αv0 − β(f0 + 3p))n) = 14p
2n2
Define
r = g + (α2 − 7β2)m+ 7(2αv0 − β(f0 + 3p))n (1.9)
so that our equation to solve reduces to
mr = 14p2 n2 (1.10)
Set m = 14p2s2, r = t2 and n = st. Then
c2 = e = g = t2 + 7(β(f0 + 3p)− 2αv0)ts+ 14p
2(7β2 − α2)s2
so
c2 =
(
t +
7(β(f0 + 3p)− 2αv0)s
2
)2
+Ks2
where K is a constant to be determined.
With the help of a symbolic algebra package we find K = −7.
Defining
t+
7(β(f0 + 3p)− 2αv0)s
2
= W
gives
7s2 = W 2 − c2 = (W + c)(W − c)
Then, set W + c = 56y2, W − c = 2x2 so that s = 4xy, W = 28y2 + x2 and
c = 28y2 − x2.
We also have d2 = f = f0g + h = f0g + 4(αm− Bn).
Using (1.9) and making various substitutions we finally arrive at the quartic
d2 = f0x
4 + 112v0x
3y+ (1.11)
56(8α(2p2 + 7v2
0
)− 28βv0(f0 + 3p)− f0)x
2y2 + 3136v0xy
3 + 784f0y
4
which must be searched for a solution.
4
2 Numerical Results
Based on the formulae above, I constructed a very small and straightforward
Pari-gp code [3].
The paper by Komato, Watanabe and Wada consider p = 6079 with f0 =
1737 and v0 = 1921. We have α = 5064 and β = 3761, giving the quartic
d2 = 1737x4 + 215152x3y + 4376904x2y2 + 6024256xy3 + 1361808y4
which, as they state, has a solution when x = 14609, y = −4338, giving
d = ±89697426147 and c = 313487951, and hence to the point on Y 2 =
X3 − (7 ∗ 6079)2X with
X =
−6079× 37241081919625483829652
18315524065843435226392
From Pari we find that the point has height 57.11. The curve has rank 2,
and Magma’s MordellWeilShaInformation subroutine finds the second
generator, with height 56.26.
We can find much bigger points. For N = 7 ∗ 971 we find
X =
−971× 227678813705666799518252652
131393496414395313637500012
which is a generator of a rank one curve and has height 117.45. Testing over
the first 1000 primes p, the largest point found is at N = 33509, with height
122.
In both cases, the Pari subroutine hyperellratpoints proved invaluable,
since searching the quartic is easily the most time-consuming aspect of the
computation.
5
References
[1] S. Komoto, T. Watanabe and H. Wada, 42553 is a congruent number,
available at http://jant.jsiam.org/pub/ac05/Wada/wada.pdf
[2] F.R. Nemenzo, All congruent numbers less that 40000, Proc. Japan
Acad. Ser. A, Math. Sci. 74 (1998), 29-31.
[3] The PARI Group, PARI/GP version 2.11.2, Univ. Bordeaux, 2019,
http://pari.math.u-bordeaux.fr/.
6
